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Abstract 
Routing controllability of autonomous vehicles (AVs) has been shown to reduce the impact 
of selfish routing on network efficiency. However, the assumption that AVs would readily 
allow themselves to be controlled externally by a central agency is unrealistic. In this paper, 
we propose a joint routing and pricing control scheme that aims to incentivize AVs to seek 
centrally controlled system optimal (SO) routing by saving on tolls while user equilibrium (UE) 
seeking AVs and human-driven vehicles (HVs) are subject to a congestion charge. The problem 
is formulated as a bi-level optimization, in which dynamic tolls are optimized in the upper level, 
whereas the lower level is a mixed equilibrium simulation-based dynamic traffic assignment 
model considering mixed fleet of AVs and HVs. We develop a feedback-based controller to 
implement a second-based pricing scheme from which SO-seeking AVs are exempt; but UE-
seeking vehicles, including both AVs and HVs, are subject to a distance-based charge for en-
tering a pricing zone. This control strategy encourages controllable AVs to adopt SO routing 
while discouraging UE-seeking users from entering the pricing zone.  We demonstrate the per-
formance of the proposed framework using the Nguyen network and a large-scale network 
model of Melbourne, Australia. 
 
Key words: Congestion pricing; Simulation-based dynamic traffic assignment; Mixed equi-
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1. Introduction 
The advent of autonomous vehicles (AVs) is expected to change people’s travel behavior 
and network traffic flow characteristics in many aspects (Fagnant and Kockelman, 2015). Pre-
vious studies have shown that AVs could reduce vehicle crash frequencies (Assidiq et al., 2008, 
Morando et al., 2018), enhance network flow capacity (Levin and Boyles, 2016, Tientrakool et 
al., 2011), improve traffic operations at signalized intersections (Le Vine et al., 2016), among 
others. On the other hand, reduced reaction times, closer spacing between vehicles and in-
creased demand for making trips by private cars will likely exacerbate the traffic congestion in 
some parts of the network (Simoni et al., 2019, Levin and Boyles, 2016). So positive and neg-
ative aspects of this new technology should be studied and adequately addressed. 
The potential of AVs in managing urban road congestion is substantial not only because of 
vehicle-specific attributes such as less safe time headway realized by marginal reaction time 
from computers (Friedrich, 2016), but also due to the connectivity or communication capabil-
ities that make these vehicles congestion-aware and controllable (Rossi et al., 2017). As such, 
system optimum (SO)-seeking AVs are conceivable as opposed to user equilibrium (UE)-seek-
ing AVs or selfish human-driven vehicles (HVs). 
One critical component of deploying SO-seeking AVs is a traffic management center that 
monitors and fully controls these vehicles in real time (Zhang and Nie, 2018). However, it is 
questionable that AV owners or operators, who are presumably still selfish, would allow 
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themselves to be controlled externally by the central agency. In this research, we aim to utilize 
congestion pricing scheme as an economic lever (or incentive for central control), from which 
SO-seeking AVs are exempt; UE-seeking users (including UE-seeking AVs and selfish HVs) 
have their usual shortest-path routing decisions but are subject to the congestion charge. This 
control strategy seeks to encourage controllable AVs to adopt SO routing behaviour (brings 
less total system travel time (TSTT) for the system) and discourage UE-seeking users from 
entering to the congested areas like central business district (CBD) of the cities (brings less 
traffic congestion to the CBD). Unlike previous studies on congestion pricing of AVs (Sharon 
et al., 2017, Simoni et al., 2019), this research aims to consider and model both SO-seeking 
AVs and UE-seeking users (i.e. different routing strategies) in a dynamic and second-best 
priced traffic network. 
The objective of this research is twofold. We first aim to develop a mixed equilibrium sim-
ulation-based dynamic traffic assignment (SBDTA) framework for a mixed fleet of AVs and 
HVs based on seminal studies of (Mahmassani and Peeta, 1993) and (Mahmassani, 1994), 
where UE-seeking AVs and HVs follow the standard shortest travel time paths whereas SO-
seeking AVs follow the shortest marginal travel time paths identified by the central agency. 
Building upon such a mixed equilibrium framework, we then aim to develop a feedback-based 
congestion pricing controller utilizing the macroscopic or network fundamental diagram (MFD 
or NFD) (Geroliminis and Daganzo, 2008), inspired by Zheng et al. (2016)  and Gu et al. 
(2018b), which applies to UE-seeking AVs and HVs. The resulting joint routing and pricing 
control serves as a hybrid network traffic optimizer that could potentially bring significant ben-
efits to the whole system and CBD. To the best of the authors’ knowledge, such a mixed equi-
librium joint control framework of AVs has never been proposed before and hence offers sig-
nificant contributions to the literature. 
The remainder of this paper is structured as follows. Section 2 presents a review of relevant 
literature. The proposed and developed methodologies are presented in Section 3 including a 
simulation-based solution algorithm for mixed equilibrium dynamic traffic assignment (DTA) 
problem, a NFD-based PI feedback pricing control strategy, and the mathematical formulation 
of joint routing and pricing control. In Section 4, we present the numerical experiments to 
demonstrate the performance of the proposed framework	and its scalability to a large-scale net-
work. Finally, section 5 presents conclusions and a few directions for future research.		
2. Literature review 
2.1. Multiclass traffic assignment models 
  AVs are expected to operate on the roads along HVs over the next decade or so (Litman, 
2017). Therefore, different route choice behaviours will likely be perceived in the network. 
According to the Wardrop’s principles, equilibrium in traffic assignment can be achieved 
through two route choice strategies including UE and SO (Wardrop and Whitehead, 1952). The 
third behaviour frequently adopted to capture HVs behaviour is stochastic user equilibrium 
(SUE). Having different knowledge levels of prevailing traffic conditions introduces stochas-
ticity and uncertainty in making route choices. UE and SUE behavior is prevailing among HVs, 
while SO strategy can be followed by a specific class of vehicles like AVs that are centrally 
controlled by a traffic management center (TMC) to reduce selfish and inefficient behavior 
(Yang, 1998, Zhang and Nie, 2018).  
Harker (1988) introduced mixed equilibrium traffic assignment for the first time and follow-
ing this practice, many other related models have been studied and developed. He considered 
two classes including SO and UE users and employed variational inequality to solve the mixed 
equilibrium problem for a small network. Van Vuren and Watling (1991) considered stochas-
ticity, whereas unequipped vehicles with advanced traveler information system (ATIS) have 
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higher error rate compared to guided travelers who do not follow the directions completely. 
Huang and Li (2007) presented a multicriteria (cost and time) logit-based SUE assignment 
model for multiclass traffic flow. Users of each class, differentiated by a specific value of time 
(VOT), were divided into two subclasses, equipped and unequipped with ATIS. The equipped 
users were considered to have lower perception error for estimating the travel cost compared 
to unequipped vehicles. The model was formulated as a fixed-point problem and solved by the 
widely used method of successive averages (MSA) algorithm with a predefined step size con-
verging to zero (Sheffi, 1985). Their results showed that overreaction occurs more easily on 
higher VOT user classes. Overreaction occurs when a substantial fraction of drivers receives 
and responds to descriptive information on traffic conditions that may lead to congestion due 
to shifting from their own routes to the recommended one (Ben-Akiva et al., 1991, Huang and 
Li, 2007).  
The main shortcoming of these modelling approaches is that their investigations are limited 
to the static (time-invariant) equilibrium analyses, thus unable to reflect the system and drivers’ 
time-dependent behaviours. Moreover, the queue spillback phenomena and other traffic flow 
characteristics that happen over time in real world could not be captured (Daganzo, 1998). In 
a seminal work conducted by (Mahmassani and Peeta, 1993) and (Peeta and Mahmassani, 
1995), a simulation-based solution algorithm was proposed to circumvent the need for link cost 
and link exit functions to solve the network DTA problem. An iterative dynamic simulation-
based solution algorithm was applied for only two scenarios including 100% UE and 100% SO. 
From the convergence perspective, a path was considered being converged if the relative 
change in the number of vehicles assigned to it at the current and previous iterations becomes 
relatively small; if the proportion of converged paths across all OD and assignment intervals 
reaches to the acceptable value, equilibrium is considered being reached. Hu et al. (2018) also 
developed a simulation-based DTA framework to solve mixed traffic flow problem considering 
four vehicle types (car, bus, motorcycle, and truck) and four different assignment rules (pre-
specified-path, UE, SO, and real-time information). 
2.2. Congestion pricing models 
Besides all the potential benefits of the AV technologies in improving traffic flow, increased 
travel demand by private cars will likely exacerbate the traffic congestion (Simoni et al., 2019, 
Levin and Boyles, 2016, Fagnant and Kockelman, 2015, Wadud et al., 2016). Congestion pric-
ing, as one of the most effective travel demand management (TDM) policies, can mitigate the 
issue. Advances in AV and connectivity technologies offer a unique opportunity to implement 
more complex, efficient and behaviorally effective congestion pricing strategies that vary over 
time and space (Gu et al., 2018a, Simoni et al., 2019).  
Two widely used congestion pricing models in the literature include first-best and second-
best models. In the first-best or Pigouvian model, travelers must pay a toll equivalent to mar-
ginal external cost to make the generalized cost of a trip equal to the marginal social cost (Pigou, 
1920, Verhoef, Yang and Huang, 2005).	Despite solid theoretical basis, imposing toll to all 
links results in huge operational costs and public acceptance concerns; therefore, it has only 
been applied to small networks for demonstration purposes (Yang and Huang, 2004). On the 
other hand, a variety of second-best pricing schemes have been introduced in which only a sub-
aera of the network is tolled. Several studies in the literature have already provided frameworks 
to find optimal toll locations and toll levels (Fan, 2016, Li et al., 2014, Sun et al., 2016, Abou-
dina and Abdulhai, 2017). From the modeling perspective, the second-best pricing problem has 
been modeled widely as a bi-level optimization problem or equivalently mathematical pro-
gramming with equilibrium constraints (MPEC) (Liu et al., 2013, Liu et al., 2014, Yang and 
Zhang, 2003, Zhang and Yang, 2004). The upper level minimizes the total system travel time 
or maximizes the total social welfare by considering a specific toll level and the lower level is 
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usually a conventional static UE or SUE traffic assignment problem with elastic or fixed de-
mand. However, Solving the MPEC of DTA (with multiple time-dependent OD matrices) and 
for a large-scale network is still challenging and computationally expensive and has not been 
solved directly through any exact solution method (Chen et al., 2016, Chen et al., 2014, 
Ekström et al., 2012, He et al., 2017). Combining the network level traffic dynamics and sim-
ulation-based platforms bring an efficient	method to circumvent this issue. Network or macro-
scopic fundamental diagram (NFD or MFD) represents network traffic flow relationships	at the 
macroscopic scale (Mahmassani et al., 1984, Geroliminis and Daganzo, 2008). The NFD has 
been widely applied in network-wide traffic control and management  (Geroliminis et al., 2012, 
Haddad, 2017, Haddad et al., 2013, Ramezani and Nourinejad, 2017, Yang et al., 2017, Key-
van-Ekbatani et al., 2012, Ramezani et al., 2015, Mohajerpoor et al., 2020). NFD-based con-
gestion pricing is often conducted by macroscopic modeling of the network with a simulator 
and the toll level is then adjusted by using the NFD of the pricing zone (Simoni et al., 2015, 
Zheng et al., 2016, Zheng et al., 2012) which is used as an indicator for monitoring and con-
trolling the congestion level. Zheng et al. (2012) applied a feedback integral control strategy 
for toll adjustment using an agent-based simulation platform. The integral controller was later 
extended to a proportional-integral (PI) controller whereby adaptation of road users to pricing 
was considered (Zheng et al., 2016). A similar simulation framework based on the NFD was 
also presented by Gu et al. (2018b) including three pricing schemes of distance-based toll, joint 
distance and time toll (JDTT) and joint distance and delay toll (JDDT). However, they only 
considered one route choice behavior for loading the network. 
In this study, we assume that all drivers have reasonable knowledge of the network condi-
tions and can follow UE strategy. On the other hand, TMC can improve the system performance 
by controlling and dispatching a fraction of SO-seeking AVs into the network. In such a mixed 
equilibrium seeking traffic network where different road users with different behaviors coexist, 
a new termination criterion is required to check the convergence of the simulation based DTA 
algorithm. Consequently, a hybrid criterion is proposed to find a mixed equilibrium solution in 
which the travel time experienced by UE-seeking users and the marginal travel time experi-
enced by SO-seeking users departing at the same time between a specific OD pair must be 
equal and minimal. The second control in the network is a distance-based congestion pricing 
that is linearly related to the distance travelled within the cordon. SO-seeking AVs are ex-
empted from paying the toll, whereas UE-seeking users (including UE-seeking AVs and selfish 
HVs) having their usual shortest-path routing decisions are subject to the congestion charge. 
3. Methodology 
The methodological framework of this research consists of two components – a mixed equi-
librium SBDTA model and a feedback-based congestion pricing controller. 
3.1. Mixed equilibrium simulation-based dynamic traffic assignment 
The SBDTA framework originally developed by Mahmassani and Peeta (1993) and Mah-
massani (1994) is employed and implemented in AIMSUN to achieve mixed equilibrium ac-
counting for both UE- and SO-seeking AVs. The three-step framework consists of standard 
network loading, path set update, and path assignment adjustment, which are applied sequen-
tially and iteratively to each time-dependent origin-destination (TDOD) demand into the net-
work. 
Consider a directed network 𝐺(𝑁, 𝐴) consisting of a set of nodes 𝑁 and a set of directed 
links 𝐴. Let subscripts 1 and 2 denote UE- and SO-seeking users, respectively. The time hori-
zon of interest is discretized into small time slices 𝑠, referred to as simulation intervals. As-
signment intervals are denoted by time slices 𝜏 where the average travel time and the average 
marginal travel time are calculated.  Let 𝐷, 𝑆, and 𝑇 denote the set of OD pairs, the set of 
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simulation intervals, and the set of assignment intervals, respectively. Hence 𝑞!"  represents the 
demand between OD pair 𝑑 ∈ 𝐷 in assignment interval 𝜏 ∈ 𝑇. The total demand of UE- and 
SO-seeking users are therefore expressed as 𝑞#" = (… , 𝑞#!" , … ) and 𝑞$" = (… , 𝑞$!" , … ), respec-
tively, where 𝑞!" = 𝑞#!" + 𝑞$!"  for ∀𝑑 ∈ 𝐷 and ∀𝜏 ∈ 𝑇.  
Figure 1 illustrates the workflow of the mixed equilibrium SBDTA framework, whose core 
is a direction-finding mechanism (i.e. obtaining a descent direction for the next iteration) for 
achieving both UE and SO conditions in the network using results of the current iteration. 
Time-dependent shortest travel time paths and the least marginal travel time paths are deter-
mined in each iteration for UE- and SO-seeking users, respectively and all-or-nothing (AON) 
assignment is performed. Then the number of SO and UE users in each path are updated by the 
MSA. The procedure iterates until a mixed convergence criterion is met. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1 Implemented mixed equilibrium SBDTA framework based on the original work of Mahmassani and 
Peeta (1993) and Mahmassani (1994). 
Network G (N, A) 
Discretize the time horizon T to small time slices 𝑞!", 𝑞#" 
Initial set of feasible paths for user class 1 and 2 
Is the system 
converged? 
No 
Yes 
Load the network 
using AIMSUN 
Link volumes and travel times in 
each simulation interval (1-min) 
Average link marginal 
travel time (5-min) 
Average link travel time 
(5-min) 
Time dependent 
shortest travel time path  
Time dependent least 
marginal travel time path  
AON assignment  AON assignment  
  End 
UE path adjustment  SO path adjustment  
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 Calculation of time-dependent marginal travel time 
Marginal travel cost is expressed as the derivative of the total system travel time with respect 
to flow. A global path marginal cost represents the change in the total system travel time caused 
by an additional vehicle added to the path at a certain time interval. While the global path 
marginal cost is the most accurate definition, its calculation is computationally expensive due 
to the need to capture the spatiotemporal interaction of traffic in the network, especially for 
DTA applications that are time-dependent. In view of this, Ghali and Smith (1995) and Peeta 
and Mahmassani (1995) proposed a local approximation method to calculate the global path 
marginal cost. In a nutshell, along a given path, the method first calculates the marginal cost of 
each link and then sums up all the link marginal costs considering the traversal time of each 
link. Such a local approximation suggests that the path marginal cost, incurred by an additional 
vehicle at a certain time interval, only considers the effect of the vehicle on links constituting 
the path. Although the method may overestimate the path marginal cost due to the time lag 
between the entry of the additional vehicle to the link and the generated flow perturbation (Qian 
et al., 2012, Shen et al., 2007), it is of practical use especially for large-scale DTA applications. 
 
 Solution algorithm of mixed equilibrium SBDTA 
The detailed algorithmic steps of mixed equilibrium SBDTA are summarized in Table 1. 
Existing approaches in the literature to solving the equilibrium problem in large-scale networks 
that adopt a simulator for network loading are heuristic and thus, no mathematical proof of 
convergence can be provided to determine an exact solution. For example, approximate solu-
tion of dynamic user equilibrium can be reached when the experienced travel time between a 
specific OD pair and departure time are equal and minimal reflected in a proposed relative gap 
function by (Janson, 1991). In a mixed traffic network where different road users with different 
behaviors coexist at the same time, a new convergence criterion is required. In this study a 
hybrid criterion is proposed to find a mixed equilibrium solution in which the travel time ex-
perienced by UE-seeking users and the marginal travel time experienced by SO-seeking users 
departing at the same time between a specific OD pair are equal and minimal. The proposed 
SBDTA framework is considered being converged if the average value of UE and SO equilib-
rium relative gap (equation 1 and 2, respectively) become stable and less than 𝜀#. 
 𝑅#𝑔𝑎𝑝(𝑖) = ∑ ∑ ∑ 𝑓#,!,&' (𝜏);𝑡𝑡!,&' (𝜏) − 𝜃!' (𝜏)?&∈)!	!∈+"∈, ∑ ∑ 𝑞#,!(𝜏)𝜃!' (𝜏)!∈+"∈,  (1) 𝑅$𝑔𝑎𝑝(𝑖) = ∑ ∑ ∑ 𝑓$,!,&' (𝜏);𝑚𝑡!,&' (𝜏) − 𝛿!' (𝜏)?&∈)!	!∈+"∈, ∑ ∑ 𝑞$,!(𝜏)𝛿!' (𝜏)!∈+"∈,  (2) 
 
Where 𝑓#,!,&' (𝜏) and 𝑓$,!,&' (𝜏)	is the flow of UE and SO seeking users on path p between OD 
pair d at time interval 𝜏 at iteration i, 𝑞#,!(𝜏) and 𝑞$,!(𝜏) is the demand of UE- and SO-seeking 
users between OD pair d, 𝑡𝑡!,&' (𝜏) and 𝑚𝑡!,&' (𝜏) is the experienced travel time and marginal 
travel time of path p between OD pair d, 𝜃!' (𝜏) and 𝛿!' (𝜏) is the least travel time and marginal 
travel time path cost between OD pair d at time 𝜏 at iteration i. 
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Table 1. Mixed equilibrium SBDTA algorithm 
Input: network 𝐺(𝑁, 𝐴), demand 𝑞#" and 𝑞$", gap tolerances 𝜀#, and the maximum num-
bers of iterations N. 
Output: optimal paths choices of UE- and SO-seeking AVs 𝑝#∗ and 𝑝$∗	 under mixed equi-
librium 
Initialization 
Set the iteration index 𝑖 = 1, obtain distance-based shortest path between for every OD 
pairs and assign the demand 𝑞#" and 𝑞$" to it for each 𝜏 ∈ 𝑇.	
Main loop 
While 𝑖 < 𝑁 and 𝑅𝑔𝑎𝑝(𝑖) > 𝜀1 
i. Load the network using AIMSUN 
ii. Find shortest paths 
-Find the time-dependent shortest path for each OD pair and each assignment in-
terval; perform AON for UE-seeking AVs and obtain the auxiliary matrix 𝑦#' .	
-Find the time-dependent least marginal travel time path for each OD pair and 
each assignment interval; perform AON for SO-seeking AVs and obtain the aux-
iliary matrix 𝑦$' . 
iii. Update paths choices via MSA 𝑝#'/# = 𝑝#' +	𝛼#' ∗ (𝑦#' − 𝑝#' ) (3) 𝑝$'/# = 𝑝$' +	𝛼$' ∗ (𝑦$' − 𝑝$' ) (4)  
 
iv. Calculate path flows 𝑓#'/# = 𝑝#'/# ∗ (𝑞#"), (5) 𝑓$'/# = 𝑝$'/# ∗ (𝑞$"), (6)  
 
v. Check convergence 𝑅𝑔𝑎𝑝(𝑖) = 𝑅#𝑔𝑎𝑝(𝑖) + 𝑅#𝑔𝑎𝑝(𝑖)2  (7)  𝑖 = 𝑖 + 1 
End while 
3.2. Feedback-based congestion pricing controller 
We propose an incentive-based congestion pricing scheme in which SO-seeking AVs are 
exempt from paying toll but UE-seeking users including UE-seeking AVs and selfish HVs are 
subject to the congestion charge if they travel within or through a pricing zone (e.g. CBD). This 
control strategy seeks to encourage controllable AVs to follow the SO strategy (minimizing 
the TSTT for the system) and discourage UE-seeking users from entering the cordon pricing, 
reducing traffic congestion in the CBD. Consider a subnetwork ?̅?(𝑁K, ?̅?) of the initial network 
which is a pricing zone only for the UE-seeking users. The list of notations is explained and 
summarized in Table 2. 
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Table 2. Summary of notations 
Notation  Explanation 𝑙" The length of link a 𝛿",$%  𝛿",$% = 1 if path 𝑝𝜖𝑃%contains link a, otherwise 𝛿",$% = 0 𝑙$%(𝜏) Total distance travelled within subnetwork ?̅? 𝛼 Distance-based toll rate ($/km) 𝛼4$% Distance-based toll component for path 𝑝𝜖𝑃% 
 
We assume that the distance toll functions ∅(𝑑) are linearly related to the distance travelled 
by the UE-seeking users within subnetwork ?̅?. ∅(𝑑) = 𝛼. (8) 
Total distance travelled within subnetwork ?̅? for path 𝑝𝜖𝑃! during interval 𝜏 is calculated 
with 𝑙&!(𝜏) = Q 𝑙0 . 𝛿0,&! , 𝑝𝜖𝑃! , 𝑑𝜖𝐷, 𝜏𝜖(1,2, … , 𝑇)	0∈1̅  (9)  
By integrating equations (8) and (9), we obtain the distance-based toll component for path 𝑝𝜖𝑃! during interval 𝜏: 𝛼R&!(𝜏) = 	∅ S𝑙&!(𝜏)T = 𝛼.Q 𝑙0 . 𝛿0,&! 	0∈1̅  (10)  
With the distance-based toll, the generalized cost function of path 𝑝𝜖𝑃! during interval 𝜏 for 
the UE-seeking users 𝑈&,#! (𝜏) and the SO-seeking users 𝑈&,$! (𝜏) are respectively expressed as 
follows 𝑈&,#! (𝜏) = Q 𝑡𝑡0(𝜏). 𝛿0,&! +0∈3 𝛼R&!(𝜏) (11)  𝑈&,$! (𝜏) = Q𝑚𝑡0(𝜏). 𝛿0,&!0∈3    (12)  
The generalized cost of paths between each O-D pair are recalculated regarding the toll rate 
(𝛼) and then the algorithm in Table 1 is run to find the mixed equilibrium traffic flow under 
the pricing control.  
We apply a feedback control strategy to adjust the toll rate.  This approach has wide appli-
cations in traffic management and control, including ramp metering (Papageorgiou et al., 1991), 
perimeter or gating control (Keyvan-Ekbatani et al., 2012, Aboudolas and Geroliminis, 2013, 
Ramezani et al., 2015), and congestion pricing (Gu et al., 2018b, Zheng et al., 2012, Zheng et 
al., 2016). It works by iteratively adjusting the control input based on the feedback output to 
achieve a predetermined setpoint. When integrating feedback control with the NFD for con-
gestion pricing applications, the objective is typically to pricing-control the network such that 
the NFD does not enter the congestion regime and operates instead around the critical network 
density.	
The overall process of the feedback-based congestion pricing integrated with mixed equilib-
rium SBDTA is illustrated in Figure 2. Following(Zheng et al., 2016) (Zheng et al., 2016) and 
Gu et al. (2018b), a discrete proportional-integral (PI) controller is employed as expressed be-
low 
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𝛼"(𝑖) = V𝛼"(𝑖 − 1) + 𝑃4W𝐾K"(𝑖) − 𝐾K"(𝑖 − 1)Y + 𝑃5(𝐾K"(𝑖) − 𝐾67), 𝑖 > 1																						𝑃5(𝐾K"(𝑖) − 𝐾67),																																																																																𝑖 = 1 
 
(13) 
 
where 𝛼"(𝑖) is the toll rate at tolling interval 𝜏 (which is consistent with assignment interval) at 
iteration 𝑖, 𝐾K"(𝑖) is the average network density within the 𝜏-th tolling interval during iteration 𝑖, 𝑃4 and 𝑃5 are proportional and integral gain parameters to be tuned via trial and error, and 𝐾67 
is the critical network density identified from the NFD.  
 
   
 
 
 
 
 Fig. 2 Feedback-based congestion pricing approach. 
The overall workflow of Figure 2 is summarized in the following steps: 
• 𝐾67 is identified from the NFD when no toll is imposed on the UE-seeking users in the 
pricing zone and is considered as the setpoint in the PI controller.  
• The discrete PI controller (Equation 8) tries to drive the average network density to-
wards the critical threshold (around which network throughput is maximum) by ad-
justing the toll rates. 
• Considering predefined uniform ratios of SO and UE-seeking users and adjusted toll 
rate vector in the previous step,  
• is executed to determine the average density of the pricing zone. 
• The elements of the PI controller are updated, and the cycle is run until the average 
density of pricing zone gets sufficiently close to the critical density subject to the max-
imum toll that the system can impose. 
 
3.3. Mathematical formulation of the joint routing and pricing control in the mixed traf-
fic flow of AVs and HVs 
Although the proposed joint routing and pricing control scheme in the mixed traffic flow has 
not been studied in the literature, it still falls into the broad category of transportation network 
design problems (Sheffi and Powell, 1983, Cantarella et al., 1991, Florian and Chen, 1995, 
Yang, 1995). These problems are commonly formulated as a bi-level problem with decision 
variables being optimized in the upper level, whereas the lower level is a typical traffic assign-
ment problem considering optimised design variables. In our proposed modeling framework, 
the design variable is a vector of distance toll rates for every 15-minute period while our 
SBDTA model is used to find the mixed equilibrium traffic flow in the network, in which the 
optimized toll is imposed only to the UE seeking users entering the pricing zone. We assume 
VOT is equal to 15 $/h (Legaspi and Douglas, 2015). 
Consider the following equivalent mathematical formulation of the NFD-based toll rate 
problem: 
 
PI controller Mixed equilib-rium SBDTA 
Update NFD of 
pricing zone 
 
Define 𝐾&'  
as a setpoint 
Vector of optimum 
toll rate 𝛼 
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𝑚𝑖𝑛["(] ∑ [𝑘R: − 𝑘;<[:=>:=?     
subject to 
(14) 
0 < 𝜏: ⩽ 𝛼R (15) 𝑘R:= mixed equilibrium SBDTA (𝜏:) (16) 
The upper-level objective function, Equation (14), seeks to calculate the toll vector within 
the tolling period in order to maintain the average density of the pricing zone sufficiently close 
to the critical density identified from the initial NFD of the pricing zone. Constraint (15) bounds 
the feasible regions for adjusting the toll rate where 𝛼R is the upper bounds specified by transport 
authorities. Constraint (16) represents the lower-level mixed equilibrium SBDTA considering 
the control inputs 𝜏: to determine the average density of the pricing zone. The simulation out-
put 𝑘R: is fed back to the optimization problem and the process keeps continuing iteratively 
until a certain termination criterion is met. 
4. Numerical results and discussion 
4.1. Application of the mixed equilibrium SBDTA to a small network without pricing 
This section presents the numerical results of the mixed equilibrium SBDTA framework 
with different proportions of UE- and SO-seeking AVs applied to the Nguyen and Dupuis 
(1984) network consisting of four O–D pairs, 19 links and 25 routes. See Figure 3. The simu-
lation has 12 5-min assignment intervals, the last nine of which have zero demand to fully 
empty the network to facilitate a reasonable comparison of the total system travel time. Note 
that the proportion of SO-seeking AVs is uniformly distributed across all the OD pairs and 
assignment intervals. As shown and compared in Figure 4, the total system travel time in the 
mixed equilibrium decreases, as expected, with an increasing proportion of SO-seeking AVs 
in the network. Compared with the full UE scenario, deploying 100% SO-seeking AVs can 
effectively reduce the total system travel time by 7% (from 183 hr to 170 hr). It also shows that 
the network performance can be improved quite substantially by only deploying 20% SO-seek-
ing AVs. The improvement is relatively small, however, under 40% and 60% SO ratio scenar-
ios, but becomes significant again once the SO ratio in the network exceeds 60%.  
 
   
(a) (b) 
Fig. 3 Topology and demand profile of the Nguyen network. 
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Fig. 4 Network performance under different proportions of UE- and SO-seeking AVs in Nguyen network. 
4.2. Application of the proposed routing and pricing schemes to a large network  
A comprehensive comparison is performed between two strategies consisting of routing con-
trol and joint routing and pricing control. The proposed methodology is applied to a large-scale 
network model of Melbourne, Australia (Shafiei et al., 2018). The model is deployed in 
AIMSUN, as the mesoscopic simulator engine, with time-dependent travel demand from 6 to10 
AM. 
 Numerical results of the routing control strategy 
This section aims to explore the efficiency and computational performance of the mixed 
equilibrium SBDTA framework in a large-scale traffic network. A subnetwork is extracted 
from the greater Melbourne area model including a pricing zone in the center (Figure 5(a)). 
The area of the subnetwork is about 140 square kilometer in which UE-users will be tolled if 
they enter the red colored rectangular zone in the center. The network topology and the distri-
bution of the time-dependent OD demand are shown in Figure 5(b) and summarized in Table 
3, respectively. 
 
Table 3. Network topology of the extracted sub-network 
Area of the network 9.5 x 14.6 (sq.km) 
Total number of links  4,375 
Total number of nodes  1,977 
Total number of centroids  492 
Area of the pricing zone 1 x 2 (sq.km) 
Number of links in the pricing zone  282 
Number of nodes in the pricing zone  91 
Number of centroids in the pricing zone  30 
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Fig. 5 The extracted subnetwork from the Greater Melbourne area model; (b) time-dependent OD demand. 
As shown in Figure 6, the mixed equilibrium SBDTA model is considered converged within 
30 iterations. Figure 7 illustrates the NFD of the whole network with its loading and unloading 
phases under full routing control (100% SO seeking AVs) and non-controlled (100% UE seek-
ing users) scenarios. When the AVs and HVs are assumed to follow selfish route choice be-
havior (UE), the network enters to saturated and over saturated regimes of the NFD. The critical 
density and flow capacity of the network is around 15 veh/km and 1,050 veh/hr respectively. 
While under full routing control scenario, the network mostly performs in free flow and the 
maximum flow is 1,100 veh/hr, slightly larger than 100% UE scenario. Results suggest that 
exploiting the routing capabilities of AVs will likely yield improvements in network capacity.  
 
Fig. 6 Convergence stability of the proposed algorithm. 
The scattered distribution of traffic congestion gives rise to the network throughput reduction 
during the recovery reflected in a clockwise hysteresis loop in the NFD (Gayah and Daganzo, 
2011). The hysteresis loop in 100% UE scenario is larger compared to 100% SO scenario. By 
increasing the proportion of SO seeking users in the network, the distribution of traffic in the 
network becomes more homogenous and thus, the size of the hysteresis loop reduces. In a 
network with high proportion of SO seeking users, traffic congestion also tends to dissipate 
more rapidly in the unloading phase.  
 
  
(a) (b) 
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Fig. 7 NFD of the whole network for 100% UE and 100% SO scenarios. 
Results also reveal that the traffic congestion in the pricing zone has not been influenced 
considerably when the routing of all vehicles in the network are controlled. See Figure 8. Under 
full control scenario in which all the vehicles are SO-seeking users, although the network ca-
pacity of the pricing zone is slightly improved, the density of the CBD reaches close to 25 
veh/km in the morning peak hour. Results suggest that turning from 100% UE-seeking HVs to 
100% SO-seeking AVs routing strategy does not necessarily improve traffic congestion in the 
CBD area and thus, further traffic management policies are required to relieve congestion. 
Hence, the potential impact of congestion pricing in a mixed traffic environment including AVs 
and HVs is worthy of investigation and is implemented for the time periods when the average 
density in the CBD exceeds 15 veh/km (i.e. simulation period of 120-240 min).    
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Fig. 8 Density timeseries of CBD for 100% UE and 100% SO scenarios. 
 Numerical results of joint routing and pricing control 
In this section the network performance under joint routing and pricing control is analysed 
for different proportions of SO seeking users in the network. Time dependant area and distance-
based pricing scheme is imposed on the UE seeking users while the AVs who allow to be 
controlled by the central agent, are exempted from paying the toll for travelling within the 
pricing zone. Obviously, more SO seeking users in the network reduces total system travel time 
(TSTT) but the CBD area will not necessarily have less congestion. On the other hand, the toll 
rate could be optimized unfairly high for the remaining UE users and prevents them from en-
tering the pricing zone. Therefore, an optimum ratio of SO seeking users in the network should 
exist that not only reduces the TSTT significantly across the entire network, but also keeps the 
pricing zone uncongested. The NFD-based toll rate is estimated for 5 scenarios with different 
ratios of SO seeking AVs in the network. Figure 9(a-e) show the simulation results of the pric-
ing zone when the optimal distance toll is imposed. Results suggest that by implementing a 
dynamic distance toll, the traffic congestion in the pricing zone is relieved, as expected. 
In the 100% UE scenario, distance-based toll rate is minimum compared to the other scenar-
ios. The average of toll rate is 0.37 $/km which reduces the average pricing zone density from 
19.5 to 15.2 veh/km. This rate in [8:30 - 8:45] interval reaches the highest rate (0.75 $/km) to 
achieve the control objective. By increasing the penetration rate of SO-seeking users in the 
network, the toll rate increases to keep the average density below the critical density. In the 60% 
SO scenario, an average density of 16.85 veh/km is achieved with an average toll of 0.64 $/km 
for the pricing zone. When there are only 20% UE-seeking users in the network who are subject 
to tolls, an average density of 18.68 veh/km is achieved under an average toll of 0.71 $/km. 
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Fig. 9 Density timeseries of the pricing zone before and after imposing toll for different SO ratios during the 
pricing time periods. 
 
Implementing congestion pricing in the pricing zone naturally increases the TSTT in the 
periphery area of the pricing zone and in the whole network compared to non-toll scenario. See 
Figure 9. The main reason is illustrated in Figure 10 where the total distance travelled in the 
network is increased in the pricing scenario, because UE-seeking users adopt longer paths to 
avoid entering the pricing zone and paying the toll.  
Although implementing the pricing scenario increases the TSTT in the network, the signifi-
cance of traffic control scheme is in reducing the average density in the pricing zone. In the 
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non-toll scenario, the average density in the CBD is around 20 veh/km and remains almost 
unchanged for different SO ratios. In the pricing scenario, when the proportion of SO-seeking 
vehicles in the network is small, it is expected that the pricing zone is less congested because 
the number of exempted vehicles from paying the toll is small. However, a significant number 
of UE-seeking users tend to adopt longer paths to circumvent the pricing zone, increasing the 
average delay for the entire network. In contrast, when the percentage of SO seeking vehicles 
in the network is high, the TSTT in the network reduces but the pricing zone remains congested. 
Therefore, there is a trade-off between reduction of the TSTT in the whole network and reduc-
tion of the average density in the pricing zone. As shown Figure 9, in 100 % UE and 20% SO 
ratio scenarios, the difference between TSTT for both pricing and non-tolled scenarios remains 
unchanged. This is perhaps because the reduction of travel time in the CBD and the increased 
travel time outside the CBD are almost equal. However, for 40% and 60% SO ratio this differ-
ence reaches the maximum value. From 60% onwards, by increasing the presence of SO users 
in whole of the network, the difference between the TSTT in the scenarios start decreasing and 
reaches zero at 100% SO where the toll is zero and congestion pricing is practically terminated. 
Although the average density of the CBD is increased slightly in 20% SO ratio, TSTT is im-
proved more than 6%. For 40% and 60% SO ratio scenarios, the average density in the CBD 
keeps fluctuating around 17 veh/km, but the TSTT reduction is not significant. By increasing 
the SO ratio more than 60%, traffic congestion in the pricing zone increases significantly and 
even imposing high toll rates cannot keep the pricing zone uncongested. Therefore, we argue 
that for low penetration rates of SO seeking users (e.g. 20%), a joint routing and pricing scheme 
works effectively and meet both objectives to reduce TSTT and to reduce congestion in the 
pricing zone. Exempting SO users from paying toll is a good trigger to change the road users’ 
behaviour, but by increasing the SO ratio to 60%, the second aim is prone to risk and proposing 
two different toll rates for different users need to be further investigated as an alternative pric-
ing mechanism.  
 
Fig. 10 TSTT in the whole network and average density in the pricing zone 
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Fig. 11 Total distance travelled in the network under different scenarios before and after toll implementation. 
5. Conclusion  
Despite rapid improvement of the AV technologies over the past few years, there seems to 
be a long transition period in which a mixture of AVs and HVs will have to share the transport 
infrastructure. Therefore, understanding and modelling of traffic flow patterns in a mixed traf-
fic environment is necessary. Connectivity enables vehicle routing controllability (Rossi et al., 
2017). As a result, SO-seeking AVs are conceivable as opposed to UE-seeking AVs and HVs. 
However, it is questionable that AV owners and operators would accept to be controlled exter-
nally by a central agency (e.g. TMC) and follow SO strategy without any incentive. Also, in-
creased demand for making trips by private cars will likely exacerbate the traffic congestion in 
some parts of the network (Simoni et al., 2019, Levin and Boyles, 2016).  
Unlike previous studies on congestion pricing of AVs (Sharon et al., 2017, Simoni et al., 
2019), this paper aimed to utilize a second-based and incentive-based congestion pricing 
scheme jointly with different routing strategies. In the proposed pricing scheme, SO-seeking 
AVs are exempt, whereas UE-seeking users are subject to the congestion charge for entering a 
pricing zone. This control strategy seeks to encourage controllable AVs to adopt SO routing 
behaviour and discourage UE-seeking users from entering the congested areas. 
The paper implements a mixed equilibrium simulation-based dynamic traffic assignment 
(SBDTA) framework for a mixed fleet of AVs and HVs. A feedback-based congestion pricing 
is also proposed to keep a selected pricing zone in the network uncongested. The numerical 
results of the proposed strategies on the Melbourne network suggest that controlling 20% of 
AVs (only routing control) leads to 6% improvement in the TSTT, but the CBD remains con-
gested. In the proposed joint routing and pricing control scheme, the average density in the 
CBD is reduced by 20% by imposing dynamic toll rates. Increasing the SO ratio to more than 
60% may reduce the efficacy of the incentive-based pricing scheme, since the number of SO 
users in the pricing zone increases significantly and even imposing high toll rates on the re-
mainder of UE users cannot keep the pricing zone uncongested. 
As a direction for future research, further investigation is needed to relax the inelastic de-
mand assumption and extend the model to a multi-modal network where public transport is 
present, similar to the approaches presented in (Zheng et al., 2016, Simoni et al., 2019). Also, 
18 
 
it would be interesting to investigate the optimum ratio of the SO-seeking users across the ODs 
in the network instead of assuming a uniform ratio in a dynamic traffic assignment context.  
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